Abstract. The infimal Heegaard gradient of a compact 3-manifold was defined and studied by Marc Lackenby in an approach toward the well-known virtually Haken conjecture. As instructive examples, we consider Seifert fibered 3-manifolds, and show that a Seifert fibered 3-manifold has zero infimal Heegaard gradient if and only if it it virtually fibers over the circle or over a surface other than the 2-sphere. For a collection of finite coverings of a Seifert fibered 3-manifold, a necessary and sufficient condition to have zero infimal Heegaard gradient is also given.
Introduction
The virtually Haken conjecture [3, Problem3.2] would be one of the most important conjecture in the study of 3-manifolds. Recently, in [4] , Lackenby proved the following toward the virtually Haken conjecture: Let M be a compact orientable 3-manifold with boundary a (possibly empty) union of tori. If the fundamental group of M fails to have Property(τ ) for some lattice of finite regular covers and the lattice of covers has non-zero infimal (strong) Heegaard gradient, then M is virtually Haken.
The infimal Heegaard gradient is primarily defined for a collection {M i → M} of finite covers of a 3-manifold M. Roughly speaking, it is the infimum of the ratios of the Heegaard genus of M i to its covering degree. See the next section for a precise definition. When a collection of covers are not specified, it is understood to be that of all the finite covers.
Toward the virtually Haken conjecture, on account of the Lackenby's result, our attention is attracted to the vanishing of Heegaard gradient. There actually exist 3-manifolds with zero Heegaard gradient. Easy examples are surface bundles over the circle. In fact, Lackenby proposed a conjecture: A compact orientable hyperbolic 3-manifold has zero infimal Heegaard gradient if and only if it virtually fibers over the circle (Heegaard gradient conjecture [4] ). He also showed in [4] this is the case for closed orientable reducible 3-manifold.
In order to observe when Heegaard gradient vanishes, we consider Seifert fibered 3-manifolds as instructive examples and study which (covers of) Seifert fibered 3-manifolds have zero Heegaard gradient.
Our main result is: Theorem 1. A compact Seifert fibered 3-manifold has zero infimal Heegaard gradient if and only if it virtually fibers over the circle or over a surface other than the 2-sphere. Equivalently, a compact Seifert fibered 3-manifold has zero infimal Heegaard gradient if and only if its fundamental group is infinite.
Remark that there are infinitely many Seifert fibered 3-manifolds which admit a virtual fibration over a surface other than the 2-sphere but do not admit that over the circle. Note that such manifolds are precisely the manifolds admitting SL 2 (R)-structure. See [7] about Seifert fibered 3-manifolds for example.
To prove Theorem 1, for such manifolds, we will actually construct a collection of finite covers with zero Heegaard gradient. Our advantage is using some circle bundles over surfaces as the finite covers, for which irreducible Heegaard splittings are well understood [5] . Here we also note by [6, Corollary 2] that all minimal genus Heegaard surfaces in these covers are strongly irreducible.
The strong irreducibility of Heegaard surface was introduced in [1] , and they showed that it can be used to prove the 3-manifold containing it is Haken (see Section 3 for definitions and details). Motivated by this result, Lackenby defined in [4] the infimal strong Heegaard gradient by considering only strongly irreducible Heegaard surfaces in stead of all Heegaard surface. He also conjectured that: A closed orientable hyperbolic 3-manifold has positive infimal strong Heegaard gradient (Strong Heegaard gradient conjecture [4] ). In fact, it is easily seen that the cyclic covers of a surface bundle over the circle with zero Heegaard gradient has non-zero strong Heegaard gradient.
However, as we stated above, our example again shows that the assumption of the Lackenby's conjecture that manifolds are hyperbolic is necessary. Proposition 1. A compact Seifert fibered 3-manifold admitting SL 2 (R)-structure has zero infimal strong Heegaard gradient.
We then also consider the problem which collection of finite coverings of a Seifert fibered 3-manifold has zero Heegaard gradient. Then we obtain the following. Note that the exceptional case corresponds to that the manifold admits a Nil-structure, which is known to be a virtual bundle over the circle. About cyclic covers of an orientable hyperbolic 3-manifold M of finite volume, Lackenby showed in [4] that a collection of cyclic covers dual to some nontrivial element of H 2 (M, ∂M) has zero Heegaard gradient if and only if the manifold fibers over the circle and the element of H 2 (M, ∂M) represents a fiber surface.
We end this section with the remark that a compact 3-manifold M has negative Heegaard gradient if and only if it is finitely covered by the 3-sphere S 3 . For let us consider the universal covering {S 3 → M} with degree n, and then we have χ
Together with Theorem 1, this implies that the Heegaard gradient of a Seifert fibered 3-manifold is always non-positive.
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Heegaard gradient of Seifert fibered manifold
Here we give definitions which we will use throughout the paper. A Heegaard surface for a compact 3-manifold M means an embedded surface separating M into two compression bodies. It is well-known that every a compact 3-manifold contains a Heegaard surface. Thus we can consider the minimum of the genera of Heegaard surfaces in M, which we call Heegaard genus g(M) of M. A Heegaard surface in M of genus g(M) is called minimal genus. Let {M i → M} be a collection of finite coverings of M with degree d i . In [4] , Lackenby defined the infimal Heegaard gradient of the collection {M i → M} as
The infimal Heegaard gradient of M is defined as the infimal Heegaard gradient of the collection of all finite coverings of M. For brevity, we sometimes drop the ward 'infimal'.
In this section, we consider the vanishing of Heegaard gradient of Seifert fibered 3-manifolds and will give a proof of Theorem 1. The next is the key proposition to prove the theorem. Proposition 2. An orientable circle bundle over a closed orientable surface has zero Heegaard gradient if and only if its fundamental group is infinite.
Proof. Let M be a circle bundle over a closed orientable surface F of genus g and b(M) the obstruction class of M, which is an integer-valued invariant [7] .
Assume that M has zero Heegaard gradient. If M has finite fundamental group, then F is the 2-sphere and b(M) is non-zero. This means that M is spherical, and so its Heegaard gradient is negative. A contradiction occurs.
Conversely assume that M has infinite fundamental group. If b(M) is zero, then M is the trivial bundle F × S 1 , which has zero Heegaard gradient. Thus we assume that b(M), denoted by b simply, is non-zero. By taking the mirror image if necessary, we assume that b > 0.
Let F i → F be an i-fold covering for i ≥ 2. Note that the Euler characteristic χ(F i ) of F i is equal to i(2 − 2g), and so, its genus is 1 − i(1 − g) = ig − i + 1. This induces an i-fold covering N i → M, where N i is also a circle bundle over Consider the bi-fold covering M i → N i constructed as follows. First we take the bi-fold cyclic covering of
On the boundary of the cover, the preimage of the curve of slope bi consists of a set of parallel curves of slope 1. Let M i be the Seifert fibered 3-manifold obtained from F 0 i × S 1 by Dehn filling along this slope. Then M i covers N i in the circle direction with degree bi.
The obstruction class of this M i is equal to bi/bi = 1, and so, by [5, Corollary 0.5], the minimal genus Heegaard surface is horizontal. Therefore the Heegaard genus g(M i ) of M i is equal to twice of the genus of F i , that is, 2(ig − i + 1). By construction, the covering M i → M has degree bi 2 , and so
Since M has infinite fundamental group, each χ h − (M i ) is non-negative, and so, the collection {M i → M} has zero Heegaard gradient. Also, since M has infinite fundamental group, the collection of all finite coverings of M has non-negative Heegaard gradient, and it must be zero as it includes {M i → M}. Thus we conclude that M has zero Heegaard gradient.
We prepare one more easy emma to prove Theorem 1. 
By assumption, the right term is zero, and so { M i → M} has zero Heegaard gradient. This implies that the Heegaard gradient of the set of all finite coverings of M is non-positive. But it must be zero as M is not finitely covered by S 3 . Therefore M has zero Heegaard gradient. By Lemma 1, taking the double cover if necessary, we assume that M is orientable.
First suppose that M does not virtually fiber over the circle nor over a surface other than the 2-sphere. Then it is known that M is spherical, equivalently the fundamental group π 1 (M) of M is finite. As we remarked before, it has negative Heegaard gradient, in particular, its Heegaard gradient cannot vanish. Note that e(M) = 0 and χ(O) > 0 hold in this case.
Assume conversely that M virtually fibers over the circle or over a surface other than the 2-sphere. Note that this is equivalent to that M has infinite fundamental group. In this case, e(M) = 0 or χ(O) ≤ 0 hold.
If M virtually fibers over the circle, equivalently e(M) is zero, then it has zero Heegaard gradient as we observed in Section 1. Remark that if M has non-empty boundary, then e(M) is always zero.
The remaining case is that M virtually fibers over a surface F other than the 2-sphere and χ(O) ≤ 0. Then F has non-positive Euler characteristic, and so, a finite cover M of M fibering over F must have infinite fundamental group. Thus, by Proposition 2, M has zero Heegaard gradient. Together with Lemma 1, this completes the proof.
In the above proof, remark that if e(M) = 0 and χ(O) = 0, then M is a Nil-manifold, each of which is a virtual torus bundle over the circle. Precisely, a closed Seifert fibered 3-manifold with infinite fundamental group does not virtually fiber over the circle if and only if it admits a geometric structure modeled on SL 2 R. See [7] for example.
3-manifolds with zero strong Heegaard gradient
One of the motivation that Lackenby developed Heegaard gradient toward the virtually Haken conjecture would be the Casson and Gordon's result [1] . This is one of the excellent results about the Haken manifolds and Heegaard splittings: If a compact orientable irreducible 3-manifold admits an irreducible but weakly reducible Heegaard splitting, then the manifold is Haken. Here a Heegaard surface (or splitting) is called reducible if it has compressing disks in both side whose boundaries coincide. A not reducible Heegaard surface (or splitting) is called irreducible. A Heegaard surface (or splitting) is called weakly reducible if it has compressing disks in both side which are mutually disjoint. A not weakly reducible Heegaard surface (or splitting) is called strongly irreducible. Obviously a reducible Heegaard surface is weakly reducible and a strongly irreducible one is irreducible.
Motivated by Casson and Gordon's result, Lackenby defined the strong Heegaard gradient of a collection of finite coverings {M i → M} with degree d i as Here we consider a circle bundle over a surface other than the 2-sphere. It is obviously irreducible and contains essential tori. Thus M is Haken.
Lemma 2. Let M be an orientable circle bundle over a closed orientable surface with the Euler number is equal to ±1. Then every irreducible Heegaard surface in M is strongly irreducible.
Equivalently every weakly reducible Heegaard surface in such a M is reducible. This implies that the Casson and Gordon's theorem can not apply to prove that M is Haken. From this lemma, together with the proof of Proposition 2, Proposition 1 immediately follows.
Proof of Lemma 2. Since the Euler number of M is equal to ±1, M has a unique irreducible Heegaard surface S which is horizontal [5, Corollary 0.5] . Note that the genus of S is just twice of that of the base surface F of M. Moreover, Corollary 2 in [6] says that if S is weakly reducible, then it is vertical. In our case, a vertical Heegaard surface has genus at least twice of that of F , and so, S must be strongly irreducible.
Vanishing of Heegaard gradient for finite covers
In this section, we consider when a collection of finite coverings of a Seifert fibered 3-manifold has zero Heegaard gradient and give a proof of Theorem 2.
First we prepare the following lemma. 
Thus we have the Heegaard gradient of {M i → M} is zero.
Conversely assume that the Heegaard gradient of {M i → M} is zero. This implies that {M i → M} must be an infinite collection and d i an unbounded set of positive integers. Then If M has the finite fundamental group, then the set {d i } is bounded, and so is {m i }. Also in this case, M is a spherical manifold, and so, M has negative Heegaard gradient, in particular, which is non-zero. Thus theorem holds in this case.
In the following, we assume that M has the infinite fundamental group. This implies that the Euler characteristic χ(O) is non-positive. 
